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HAVYHBIE BEJOMOCTH [ 4

O YMCJIEHHOM PEIIIEHUU CTAIIMOHAPHON 3AAYN
TEILJIOITPOBOJHOCTN METOJ0M KOHEYHBIX 2JIEMEHTOB
HA PEIIIETKE TETPASJPAJIbBHO-OKTASJIPAJIBHON CTPYKTYPHI

A.TI. Moraiiio

XepCoHCKMI HALMOHAbHBIE TEXHUYECKNIA YHUBEPCUTET,
Bepucnaeckoe wocce, 24, XepcoH, 73008, Vkpaura, e-mail: akilehzna@ukr.net

Awnnorarusi. B pabore ycranoB/ieHa CXOAUMOCTH METO/Ia KOHEUHBIX 9/IEMEHTOB Ha, PEITeTKe TeT-
PadIPabHO-0KTAIPAIBHON CTPYKTYPBI C IPUMEHEHUEM KYCOYHO-/IMHEHHBIX KOOPANHATHBIX (OYHK-
Inii MecTUy370BOTO OKTadapa. Ha mpumMmepe CTAIMOHAPHON 3a[a9M TEIIOMPOBOTHOCTH IMTOKA3AHA
5 PEKTUBHOCTH UCIIOIH30BAHUS OKTAdIPA B KATECTBE sTUEWKNM MPOCTPAHCTBEHHON PEIeTKH.

KiroueBbie ciioBa: okTasap, KyCOUHO-JTUHEHHbBIE Y3/I0Bbie (DYHKIINN, TETPAdIPAIbHO-0KTAII-
paJibHas perreTKa.

Bsenenue. [TepBrbiit onbIT IpuMeHeHnst OKTasIpa B KadecTBe KOHeIHOro saementa (KD)
otHocHTCs K 1998 T. — BpemeHu mogBaeHus mybukamuu [1] o 1mesnecoobpasHocT HCmoIb30-
BaHMS TAaKOTO MHOTOTDAHHUKA B COYETAHUM C TETPAIPOM IIPU PEMIEHUN METOJI0M KOHEYHBIX
ssnementoB (MKD) 3amaua Busyannsanun. OCHOBHBIM MPENMYIIECTBOM TPOCTPAHCTBEHHOMN pe-
IMETKH TeTPA3IPATbHO-OKTAdIPATLHON CTPYKTYPHI ([0 CPABHEHUIO € TETPA3IPaJbHOIl) Mpu
9TOM SIBJISIETCSI YMEHbBINEHNE Pa3MepPOB MATPHUIIBI Y3JI0B JAUCKpeTH3amnuu, MaTpuinp K u,
KaK CJIeJICTBHE, CHUZKEHUEe BPEMEHU BBIYHCJICHU, HEOOXOMUMOrO JIJI JTOCTUZKEHUS Pe3yIbTa-
Ta 33aJAHHOU TOYHOCTH.

Ananu3 npeamecTByOMUX MyOaIuKanuil, negn cratbu. ABTOpBI [1] Henmons3yoT Momers
OKTa3/Ipa ¢ CeMbIO Y3JIaMHl HHTePHOInun (puc.1) u KycoqHO-TuHEHHbIE y3I0BbIe (DYyHKINN:
g0 = 1— la] — |y| — |2I; 9 = (z £ [2])/2; 24 = (4 = |y1)/2; 55 = (% |2])/2. AsTopon
CTAThW TOCTPOEHBI HECKOJBKO PA3JIMIHBIX CHCTEM Y3JIOBBIX KOOPJAWHATHBIX (DYHKIUN J1/Ts1
IMEeCTHY3I0BOI Mo/ oKTasapa (6e3 MeHTPaJIbHOTO y3/1a), U3YYeHbl MHTEPHOISIIHOHHBIE
KavyecTBa Kaz1oro nHabopa dgyuknuii [2|. B padore [3] ycraHoBI€HO, 4TO OKTAIIP ¢ KYCOUHO-
JUHEHHBIMA Y3JI0BBIMA KOOPJANHATHBIME (DYHKIUAMHA HHTEPHOTUPYET TOYHO JTUHEHHbBIe TS
" MOYKeT ObITh MCIIOJIL30BAH JIJIsi PEIeHns] KPAeBbIX 3a/ad MaTeMaTu4IecKoil (hbu3uku ¢ aud-
depeHIaJIbLHBIM OIIEPATOPOM BTOPOTO TOPSIIKA.

[Hesib cTaThbyl — HA TTPUMeEpe 3a/Ja9K O PACIPE/ICIEHUE TeMIIepaTypbl B CILJIONIHON cpe/ie
YCTAHOBUTH CXOJAUMOCTH METOJ[a KOHEYHBIX 3JIEMEHTOB Ha PeIieTKe TeTPadIpaibHO-OKTad/I-
pasIbHOIT CTPYKTYPBI (PHC. 2) ¢ UCHOIb30BAHUEM KYCOUHO-THHEHHBIX Y3I0BbIX KOOPAUHATHBIX
GYHKIUH OKTasapa, pe3yIbTaTbl TPOBEPUTH UUCTICHHBIM SKCIEPUMEHTOM.

OcHoBHasi yacthb. Paccmorpum npsimoyroabnsiii 6pyc Vo= {(z,y,2) : 0 < x < a,0 <
y < b,0 <z < h}, tme a,b,h > 0, H3rOTOBJIEHHBIN U3 M30TPOIHOTO MaTepuasa, OJHa U3
rpaHeil KOTOPOTo MOJIEPKUBAETCS IPH 3aiaHHoii TeMieparype T = f(y), octaabHble — npu
tremneparype T = 0 (puc.3).
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Puc. 1. Okrasap |z| + |y| + |z] < 1. Puc. 2. @parmvent perrerkn

TeTPa3/IpaJIbHO-OKTA3/IPAIbHON CTPYKTYPHI.

CranuonapHoe pacipesesenie TeMIepaTypsl B IPOCTPAHCTBEHHOI obacTn V' yioBiie-
TBOPSIET yPABHEHHIO:

AT =0, (1)

e A = 0%/0x? + 0% /0y* + 0*/0z* — Tpexmepusiii oneparop Jlamnaca, T = T(z,y,2) —

TeMIiepaTypa B IIPOU3BOJILHOI TOUKe (T, Yy, 2) Opyca V, ¢ rpannaHbiMEI yeaoBusmu npuxiie:

=0;  T| =f(y. (2)

z=h r=a

T =T

=0

=T

y=0

=T

y=b

=T
2=0

Amanmurnieckoe pemenne 3a1aqdn (1), (2) maitreno B cevennu V,, = {(z,y) : 0 <z < qa,
0 <y < b} 6pyca V mrockocTbio z = const [4]:

sh(mnx/b)
Zf o sineny )

re
b
— 5 [ 1@sintmny )y
0

B skBuBaseHTHO! TpexMepHoil Baprannonnoii nocranoske MKD 3amaqa (1), (2) cBogurest
K Haxoxkennto dyuxiyn 1'(z,y, 2), MUHEMA3UDYOMeHd QyHKIHOHAT

= /// ((8T/8x)2 + (8T/3y)2 + (8T/8z)2> drdrydz ,

rie T = T(x,y, z) — GYHKINI MHOKECTBA JOMYCTUMBIX B 001acTu V' mpobubix dbyukimii. [Ipn
srom, cornacHo [5], dynaknus T'(x,y, z) asasiercst gomycrumoii B obaacru V, ecom T'(z,y, 2)
HENPEPBIBHA, 1 UMEET KYCOUHO-HEIPEPbIBHBIE YaCTHBIE TIPOU3BOHBIE B 9TOi 00/1aCTH.



Cepusi: Maremarnka. @usnka. 2014. Ne25(196). Bem. 37 121

HAYUHBIE BEIOMOCTH |78

o T"‘:.flfl'.-l'

I P

Puc. 3. Bpyc V ={(z,y,2) : 0 <2 <a,0<y<b,0<z<h}.

Pazobnem obacts V' Ha | KOHEUHBIX 371eMeHTOB (). B bopMe OKTadIpOB U TETPAdIPOB.
1

Torna saeMenTHBI BRI X' B GyHKIHOHAT Y = E x*¥" ompesenseTcss paBeHCTBOM:

r=1

X = /// (((ﬂmr/&v)2 + (8TQT/(9y)2 + (8TQT/8z)2) drdrydz ,

rae Q, — okrasap Q2 wau rerpasap

g, _ J2 NI (2y,2) € Qg
O ? (l‘7y7z) gQr

— nupobuas byuknug, N; = N;(x,y,z) — y3aoBbie Koopaunatusie byukmuu 2., T, =
T(x;,y;, z;) — 3Hadenus temmepatypsl 1 B y3max (z;,v;, z;) K9 Q,., n, — ancmo y3moB €2,
npudem n, = 6, ecin , = Q2 u n, = 4, eciu . = QL.

[Tonoxkum, uTo

NLZ‘(Jf,y,Z), (l‘vyvz)egzgv i
Li(xayaz)a (zayaz) € Qia v

1,6;
1,4,

(3)

Ni(xa Y, Z) = {

rie NL;(x,y,z) — Kycouno-inneiinble byHKIMU 2], coorBeTCTBYOIMNE y3/IaM OKTa’Apa, a
Li(z,y,z) — onmneitubie byHkuun, oObéMHBIE KoopamHarhl Terpasapa [4]. Tlpum srom
NL;(x,y, z) noxygatorca u3 dyHKIHi

(1+20g[£36 = nl = [¢))/6, i=1,3;
NLi(§n,¢) = § (L+2[n[ £3n = [§] = [C)/6, i=24; (4)
(1+2[¢[£3C =[5l =nl)/6, i=56
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samenoit (z,y,2)" = [J]- (&,n,0)T + (%o, Yor, 20,)", THe [J] — MaTpunma npeoGpazoBanus
JOKaJIbHOM cucTeMbl Koopaunar O&n¢ B rmobambuyio Oxyz, (Tor, Yo, 20,) — KOOPAHHATEL
nHadasa O&nC ais okrayapa €2 B cucreme Oxyz.

Vreepxkaenne. Oynxuus T(x,1,2) = Yoo N, ne N; = Ni(x,vy, z) onpegestiorcst
pasercrBamiu (3), (4), n — uncio ysmos pasouenns V = Uizl Q,., ABaSETCS AOIMYCTHMOIT B
obaactu V.

O ITokazkem, aTo DyHKIUS T(:p, y,z) =y ., N;T; nenpepoisraa B obmacta V = Ufn:1 Q
JleiicTBUTEIBHO, U3 ompeaenenus dbynkimun 1 (x,y,2) B obractu V' ciemayer, 94To

T(x7y7z):TQT(x7y7z)7 (x7y7 )EQT'7 1 l

113 pasencrs (3)-(4) caeayer, aro aust moboro r = 1,1 dbyukuus T (z, 1, z) nenpepsisua
B obsactu €,

1) ecmu Q, = Qf,, TO TQT(x, Y, z) = oz§ ") —I—a(r)x + oz:()f)y —|—aff)z HellpepbIBHA KaK JuHeinada
B 00JIACTH KOHEYHOTO 3JeMeHTa st JI060oro © = 1, [i;

2) ecam €2, = Q2 10

T (z,y,2) = B + 80z + 85y + 852 + B2 — mo0| + B |y = voul + 8|2 — 20,

HeIpepbIBHA KaK KYCOUHO-TUHEHHas B obsacTu g Jiroboro r = 1, [ (a(.r), ﬁ(-r) — JeiiCTBH-

TeJIbHBIE YHCJIA, KOTOPbIe OJHO3HAYHO ONpPeJIeIsioTcs KoopaunaTaMu y3nos KD Q, [6, 7],
ll + lg = l)
B mexksmemenTHON 30He, T.e. Ha IPAHAX CMEYKHBIX 3JIEMEHTOB, I J0bIX 1§ = 1,(
paserctso T (2,y,2) = T%(z,y, 2) cupaBeJMBo Ha HemycThIX MHOxKecTBax )L N QL [6]
1

u Q2N Q2 [3]. Taxum obpasom, dynkmma T (z,y, z) nenpepwisra B obmactn V = U Q,.

r=1
TToceamee o3HAa"aET, 9TO YaCTHBIe TPo3BoaHbIe DyHKImm T (1,1, 2) B obmactu V cymie-
CTBYIOT U ONPEHEISTIOTCS PABEHCTBAMMU:

8T_ aéi), (r,y,2) € QL i=1,1;;
Ox ﬁéj) + ﬁt’(;]) : Sgﬂ(%’ - xO,j)a (xaya Z) € Q?aj - 17l2;

Ay D59 sen(y — yo,)

8_T _ {ozg) ($ Y,z
(2,
(z,
(

or ozg) ,
0z | By +BY sgn(z — 20,),
l2

IIpn stom T /0x, oT /0y, oT /0z HenpepbIBHBI B ob1acTh V' '\ U QY 1 KyCOTHO-HempephIBHET

r=1
l2

B ob1acTn U QY re. 8T/8x, 8T/8y, 8T/82 KycouHO-HenpepbiBHBL B obmacta V. Il

r=1
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3aMeTuM, 4TO yCJOBUE JOMYCTUMOCTH (DYyHKITUT T(x, Y, z) B obmactu V gaBisiercs yciio-
BreM cxogumoctu MKD K TouHOMY perennio B paccMarpuBaemoii 3aaade [6, crp.321|. Ilpu
sToMm cxoaumocth MKD o3nHagaer, 9To0 npm HEOTPAHWYEHHOM YMEHBITeHHH pa3mepoB KO
BeJINYNHA Y CTPEMUTCS K HYJIIO.

MEI/IMI/ISELHI/IH dyHKIMOHAIA X = anzl " mpennonaraer mudgdepennuposanne 1o T;
(¢ = 1,n), kak o nenspecrHoil Besmunne, byuxuun X (11, Ty, ..., T,), cBA3aHHOE ¢ BHIYHUCITE-
HUEM WHTErPAJIOB 110 KayKJIOMY djIeMeHTy ().

ON, 8]\7 ON, ON, ON, aN
///( + oy . oy + 9 ER >dxdydz (5)

rjie p, ¢ — ra00aIbHBIE HOMEPA Y3J0BBIX KOOPAUHATHBIX (yHKmmit KD €),.
t
[Iponenypa Boranciaenns uaTerpata (5) mo odobemy rerpasapa Q. ommcama B [6, 8|. Un-
TErpUPOBAHKE 110 OKTAAPY 20 BBHIIIOJHAM B JIOKAJIbHBIX KOODJAMHATAX:

ON, ON, _ON, ON, ON, 0N,
. dxdydz =
///( e Yoy oy T o az)‘”“

ON, aN ON, ON, 0N, aN
/ / / SRCATICATI | dédndC
oy Oy 0z

rae (Qfﬂ)* — oxTavap (27 B cucteMe KoopauwHAT OENC n

dz  dr O
ON, o on oc | [
ox ¢
ON 9y 9y 9y || oN,
— =10 on oc|| = |=WBl.
dy " on
IN, 9z 9z 0z | | 9N,
0z o6 On OC ¢

[Tpu 3TOM, YUUTBIBasA KyCOUHO-HEIIPEPLIBHBII XapaKTep YaCTHBIX MPOM3BOIHBIX (hyHKIM
N,, N4, obmacTb OKTasipa (Qfﬂ)* MOKET OBITH IPEJICTABICHA B BHIE (Qﬁ)* = Ule Q, roe
2, — paBHOBEMKHE 10 00HEMY MPAMOYTOJIBHBIE TETPAdAPhl, BHYTPH KOTOPHIX MEPEMEHHbIE
&, 1, coxpansitor 3nak. Hanpumep, narerpuposanune no obmactu € = {({,7,() : 0 < £ <
1,0<n<1-£0<(<1—-¢&—n} meé,n ¢ >0,abyukmun ON,/0E, ON,/0n, ON,/0C

HeTpPepLIBHBI, TPUHUMAET BUT;

AN, aN ON, ON, _ 9N, ON,
///( Ty oy T >'J'd§d”d§‘
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rie

1
31:6 -1 5 -1 -1 -1 -1
-1 -1 -1 -1 5 -1
— MaTpPHIA YaCTHBIX TPOM3BOJHBIX Y3JI0BBIX KOODAWHATHBIX (DYHKIWH oKTasdapa (17, ompe-
JIEJICHHBIX B obJactu 2.
OueBnHO, YTO TOABIHTETPAJIHLHOE BhIpazkKeHne He 3aBucuT oT &,7),(, mpu 3TOM 00beM

Terpasapa () paBeH
1 1-¢  1-¢-q

/dg/dn / dg:é.

0 0 0
AHaI0rHIHO MOYKHO MOJIYy9IUTh 00beMHbIe HHTerpabl 1Mo ), s = 2, 8. Toraa
ON, ON, 0N, ON,  ON, ON, [y —
. J|dxdydz = . B|" [J]" |J]|Bs|, (6
///( Sy OO0 O O ldsdyds = L B UTIIB. ©)
rue
1 1 1 -5 1 1 1 1 1 1 -5 1 1 1
By==|-1 5 -1 -1 -1 —1]; Bi=c |1 1 1 -51 1];
-1 -1 -1 -1 5 -1 -1 -1 -1 -1 5 -1
1 5 -1 -1 -1 -1 -1 1 5 -1 -1 -1 -1 -1
Bi== (1 1 1 =5 1 1]: Bi=g (-1 5 -1 -1 -1 —1];
-1 -1 -1 -1 5 -1 1 1 1 1 1 -5
1 1 1 -5 1 1 1 1 1 -5 1 1 1
By=< -1 5 -1 -1 -1 —1]; B =< |1 1 51 1]:;
1 1 1 1 1 -5 1 1 1 1 -5

1
Bg=¢ |1 1 1 -5 1 1

1
1
1
5 -1 -1 -1 -1 -1
11 1 1 1 =5

[Moyuennas dopmyna (6) apasercs GhOPMYIOH YHCIEHHOIO WHTEIPUPOBAHUSA MO OKTAI]I-
o
py 2.

Yenosust murnmyma Ox/0T; = 0 dyHKIMOHATA X MPHBOJAT K PENIEHUI0 CHCTEMbI JIi-
HefiHbIX anrebpamdeckux oraocurensro [T = (11, Ty, ..., T,,) ypasuenwuii [h][T] = 0, tae [h] —
r100aIbHas MATPHUIA TEILTONPOBOJIHOCTH, JEMEHTHI KOTOPOIl OMpemesaioTcs paBeHCTBAME

1 . —
hij =>4 (8XQT/8TZ~), i,7 = 1,n. YI0oBIeTBOpsis JIABHBIM IPAHUYHBIM YCJIOBHSAM (2) mmy-
TeM KOPPEKTHPOBAHUS OTJAEJbHBIX CTPOK MATPHILI [h] W HYJIEBOro BeKTOpa B MPABOH YacTh
CHCTeMBI, TOJTydaeM 4duc/Iennoe permenne B Buge 1(x,y, z) = Y - N/T;.
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Puc. 6. Temneparypa 6pyca V' Bross oceii ceuennii h = z/2, h = z/4, h = z/8: - - - — aHATUTHYIECKOE
pemenne (c Tounocteio 10 107%); x — pemenne MK?D mHa pemrerke TeTpasapaibHO-0KTa3IPAILHOI
cTpykTyphl; ¢ — pertearie MKD Ha perrerke terpasipaabHOil CTPYKTYPHI.
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Jnst maxoxenust anciaennoro pemerns MKD samaaun (1), (2) ¢ ucmonbp3oBanneMm Ter-
pPadIpaTbHON U TeTPa’IpaIbHO-OKTAdIPATHHOI PEeIeTOK aBTOPOM CTaThbU COCTABIEHBI TTPO-
rpammbl B cpesie Maple. Ha puc. 4 3nadenusi remnepatrypbl Opyca HailJleHbl B HAITPABICHUSIX
oceit y = b/2 u x = a/2 B ceuenmsx z = h/2 (4a, 46); z = h/4 (4B, 4r); z = h/8 (4x, de).
PesynbraTsl 4uc/IeHHOrO SKCIIEpUMEHTAa COOTBETCTBYIOT pasmepam ¢ = 1, b =2, h = 10 un
yerouio Ha rpanune: f(y) = toy(b — y) mas ty = 20.

Ananu3upys pe3yabTaThl YHCJIEHHOTO JKCIEPUMEHTa, 3aMeTHM, UTO pelleHue 3a/1aql,
MOJIYYEHHOE Ha PEIIeTKe TeTPasIpajlbHO-OKTAIPATbHON cTPYKTYphI (8864 Terpasmpa, 344
oKTasypa, 2121 y3ea WHTEPHOISIINK), T0CTATOYHO 6aM3Ko K TogroMy u pernrernio MKD ¢
HCIIOJIb30BaHUEM TeTPadIpaIbHOll pererkn (24576 Trerpasapon, 4913 y3710B HHTEPIOJISINN ).
[Tpu 3TOM BpeMst paboOThI MPOrpaMMbl (B CeKYHJax) B mepBoM ciaydae 2621.05, Bo BTopom
— 6402.11. [Tocneanee o3HaYAET, IYTO, UCIOTB3Yd OKTAIP C KYCOUHO-TUHEHHBIMA Y3T0BBIMA
KOODIMHATHBIMU (DYHKITUSIMU, B PACCMATPUBAEMOI 3a/1a9€ MOYKHO COKPATUTH BPeMs U 00beM
BBIYUCJICHUN.

BeiBoawi. B pabore ycranosiena cxoaumocth MKD Ha pemnrerke TeTpasapaibHO-OKTaA-
IPATBHON CTPYKTYPHI ¢ IPUMEHEHHeM KYCOUHO-TUHEHHBIX KOOPANHATHBIX (DYHKITUH IIeCTH-
y3JI0BOI'O OKTad/pa; MoJIydeHbl (DOPMYJ/Ibl YNCIEHHOTO WHTEIPUPOBAHUSI 110 OKTAdJAPy U pe-
merane MKD cramponapHoii 3a1a9u TemIonpoBOAHOCTH I TPSAMOYTOJIBHOTO H30TPOITHOTO
6pyca. PeSyﬂbTaTbI YUCJIEHHOI'O dKCIIepuMeHTa CBUAETE/JILCTBYIOT O TOM, YTO UCIIOJIb30BaHUE
OKTa3Jpa B KavuecTBe sS4YefiKu MPOCTPAHCTBEHHOH pelieTKn B JAHHON 3a/adue ONTUMH3HPYeT
BpeMs 1 00beM BBIUHCIEHHI, COXpPaHAd JTOCTATOYHO BBICOKYIO UX TOYHOCTD.
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ABOUT NUMERICAL CALCULATION
OF STATIONARY HEAT CONDUCTION PROBLEM
BY THE FINITE ELEMENT METHOD
ON THE LATTICE TETRAHEDRAL-OCTAHEDRAL STRUCTURE

A.P. Motailo

Kherson National Technical University,
Beryslav Highway, 24, Kherson, 73008, Ukraine, e-mail: akilehzna@ukr.net

Abstract. Convergence of numerical approximations on the basis of the finite element method
is established when the lattice of tetrahedral-octahedral structure is used by six nodal octahedron
with piecewise linear functions. The efficiency of octahedron as the cell of space lattice is shown on
the basis of the example of stationary heat conduction problem.

Key words: octahedron, piecewise linear nodal function, tetrahedral-octahedral lattice structure.



